The theory of elastic rods can be used to describe certain geometric and topological properties of the DNA molecules. A similar effective field theory approach was previously suggested to describe the conformations and dynamics of proteins. In this letter we report a detailed study of the basic features of a version of the proposed model, which assumes proteins to be very long continuous curves. In the most appealing case, the model is based on a potential with a pair of minima corresponding to helical and strand-like configurations of the curves. It allows to derive several predictions about the geometric features of the molecules, and we show that the predictions are compatible with the phenomenology. While the helices represent the ground state configurations, the abundance of beta strands is controlled by a parameter, which can either completely suppress their presence in a molecule, or make them abundant. The few-parameter model investigated in the letter rather represents a universality class of protein molecules. Generalizations accounting for the discrete nature and inhomogeneity of the molecules presumably allow to model realistic cases.
Proteins are long quasi one-dimensional chains of amino acids. At the secondary structure level these chains organize themselves in several characteristic configurations, such as helices and beta sheets, appearing due to hydrogen bonds forming between atoms of beyond-nearest-neighbor amino acids. Consequently, at this level, proteins can be viewed as a sequence of helices and beta strands (elements that form the pleated beta sheets) joined by less regular connections called loops and turns.
In natural conditions, the arrays of the secondary structures further fold to make space-filling configurations -the native states of the proteins, which define their biological function. Predicting the shape of the native states from the sequence of amino acids is a very important, but formidable task. Due to the large number of degrees of freedom in this problem, current all-atom computer simulations only allow to fold relatively short chains, yet in time significantly longer than it takes a nature protein to do so. Different techniques are implemented to effectively reduce the number of degrees of freedom. Although the latter simulations are more efficient, they suffer from a large number of input parameters, which restrict their predictive power.
In Ref. 1,2 it was proposed to apply an effective field theory approach to proteins, constructing effective energy functionals for 3D curves. It was argued that a natural description is in terms of a gauge theory that is a low-dimensional analog of the Abelian Higgs model. Such model would reproduce helices as ground state configurations and loops as solitons interpolating between the ground states. In a series of subsequent works [3] [4] [5] [6] [7] [8] [9] it was shown that a predominant number of secondary structures found in real proteins can be fit with a sub-angstrom accuracy by an effective model with an order of magnitude fewer number of parameters than that of the conventional coarse grained models.
In the papers using the effective theory approach the proteins were described by a discrete version of the model owing to the fact that proteins are discrete chains with no translational symmetry. In this letter we discuss the continuous Abelian Higgs model and explain a number of universal features of proteins that this model predicts. We will claim that the phenomenology is based on a two-minimum potential, whose ground state configurations are helices. Beta strands can appear as metastable configurations or as solitons, and their abundance is controlled by one of the parameters of the model. Moreover, we establish several relations between the geometry of different secondary structure elements. In the end we comment, how discreteness and inhomogeneity of proteins can be accounted in generalizations of the present model. The various details of the analysis summarized in this letter appeared in a companion paper.
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Following Refs. 1,2 we will use curvature κ and torsion τ as the effective fields of the large-scale dynamics of the protein molecules. We will consider them as functions of the (arc) length parameter (s) of the curves. For these fields we will write an effective energy functional, cf. Refs. 11,12. A minimal model necessary for reproducing the features of the protein molecules, relevant for the present discussion, is the one-dimensional Abelian Higgs model with a Chern-Simons term and a Proca mass term:
Here complexκ = κe iη and realτ denote fields, subject to local gauge transformations, so that physical gauge invariant curvature and torsion are κ = |κ| and τ =τ − η . Quantities m, λ, F and are phenomenological parameters, which can be fixed by comparing this model with real proteins. L is the length of the curve, which will later be considered infinite.
We note that the first term in the second line of Eq. (1), representing the one-dimensional ChernSimons action, is not gauge invariant in the case of finite open curves. Consequently, the model possesses physical edge modes corresponding to the choice of normal vectors at the endpoints of the curves.
The torsion field enters quadratically in the energy functional and can be integrated out assuming
We also note that all the equations depend on gauge invariant quantities τ and κ. This situation is equivalent to the Higgs mechanism of the spontaneous breaking of the original U (1) gauge theory. The reduced gauge invariant energy functional takes the following form,
with a residual Z 2 symmetry κ → −κ.
The first feature of the model is special relation (2) between the curvature and the torsion, which emphasizes the importance of the ChernSimons term for the solutions with non-zero torsion. The second feature is a non-local effective potential for the curvature field obtained upon integration of the torsion. To highlight other features we discuss the classical minimum energy configurations of this theory. It is convenient to rewrite the derivative-free part of Eq. (3) in terms of a potential,
with another set of phenomenological parameters (λ, κ 0 , κ 1 , ). As explained in Ref. 10 , the most interesting scenario corresponds to 0 ≤ κ 2 ). The sphalerons 13, 14 are classical bounce solutions of the particle motion in an inverted potential. They characterize the height of the potential barrier separating the true and the false ground states.
These solutions have a natural interpretation in terms of the observed secondary structures of proteins. The constant curvature, κ = κ 0 , constant torsion curves are helices, which are the most abundant regular structures (for example, alpha helices). The configurations with zero curvature (but non-zero torsion) can be compared with beta strands in proteins -zigzag-like configurations of the backbone chain, which are typically visualized by quasi straight and slightly twisted ribbons as in figure 1 . The kinks interpolating between global minima are loops (structural motifs) connecting pairs of helices. Finally, sphalerons are non-zero curvature segments connecting two straight pieces. They are unstable in the model with translational symmetry, but can be stabilized by finite size and discretization effects. Thus they can be compared with higher curvature loops (hairpins) connecting the beta strands. At the next level of the comparison of the model with the protein phenomenology, we can estimate the values of the parameters in the effective energy functional. In Ref. 10 we fitted the positions of the C α atoms in the helices with continuous curves to obtain the following estimates for the curvature and torsion:
One can then ask whether relation (2) is satisfied in real proteins. The relation roughly tells us that structures with lower curvature should have higher torsion. Alpha helices have a rather narrow distribution around values of Eq. (5), so we checked whether beta strands can be fit in this picture. One can think of the ribbons, as the one representing the beta strand on figure 1 as a stretched helix with κ/τ 1. By fitting the strands as such stretched helices we obtained a distribution shown on figure 2. 10 We stress that in the case of the beta strands we measured the torsion of the ribbon, rather than that of the backbone chain.
We find that strands can have both positive and negative torsion as shown on figure 2. Moreover there are some special strands that do not fit the present model, or rather the universality class of the specific relation (2) . We found such strands in the 2pne protein. The strand of that protein are bona fide left helices, but with non-standard curvature and torsion. Figure 2 is similar in spirit to the famous Ramachandran plots [16] [17] [18] , cast in the form, which allows to extract the information about relation (2) . As in the Ramachandran plots, the distribution of the beta strands is much less localized in comparison to alpha helices, but it is compatible with Eq. 2. In particular, it is consistent with the nonzero Proca mass, which acts an IR regulator in potential (4) . By fitting the data on figure 2 we can obtain the average values of parameters F and :
With κ 0 , F and fixed there remains only one free parameter in the model. We can choose it to be λ or κ 1 . The remaining parameter controls the size of the solitons. In figure 3 we show how the size of the kink depends on κ 1 . In general, we see a logarithmic decrease of the loop size with increase of κ 1 . For small κ 1 one observes long loops, which correspond to a characteristic step appearing in the kink solution, as can be seen on figure 4.
22 In the limit κ 1 → 0, the global and the local minima become degenerate and the original kink splits into a pair of kinks with infinite separation.
The step appearing in the kink solution in figure 4 is a piece of the curve with much lower curvature (see also the inset on figure 3 ), which should be interpreted in terms of the configuration shown on figure 1: a pair of alpha helices separated by a beta strand. One can make the following estimate of the size of the small curvature region, assuming that it is characterized by |κ| where we assumed the relation between parameters λ and F following from two different parameterizations of the potential. 10 Note, that this value does not depend on κ 1 . The estimate gives the numerical value R β 12Å, which is a prediction of the universal size of the length of the beta strand in the model. Beta strands can appear longer, because they have an attached intermediate region, which depends logarithmically on κ 1 .
On the other hand, if κ 1 is not much smaller than κ 0 , the step is not formed and the configurations like the one on figure 1 are not possible. Hence κ 1 can be viewed as an external parameter, like chemical potential, controlling the ability of the protein to form beta strands. This chemical potential can either be a characteristic of the medium, in which the protein is present, or of the amino acid composition of the backbone chain.
It is interesting to discuss what happens in the limit κ 1 → 0 in more detail. In this limit the minima of the potential are almost degenerate and the kinks are characterized by long, almost straight, segments inserted between the helices. In Ref. 10 we also made an estimate of the stability of the metastable configuration with κ = 0. Such structures become more stable in the κ 1 → 0 limit. Since actual proteins are finite and discrete, it is also plausible that the steps of the kinks would be "mixing" up with κ = 0 segments. In other words, it is plausible that longer chains of the beta strands are formed in that regime. The sphalerons might also stabilize in the discrete case. They would introduce loops of higher curvature connecting beta strands (similar to the known hairpin motifs in proteins).
There is a way how the continuous model can be deformed to account for the breaking of the translational invariance in actual proteins. Apart from considering finite curves, one can introduce coordinate dependence to the parameters. Apart from a discrete periodicity of the backbone chain, this could also take into account the local inhomogeneity of the chemical structure. It is then natural to fit the continuous curves of real proteins using a Fourier expansion. We hope to discuss such generalizations in a future work.
